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Abstract
We show that the moduli space of Riemannian metrics of nonnegative
sectional curvature on certain quotients of Brieskorn varieties in dimen-
sion 5 has infinitely many path components. The same is true for the
corresponding moduli space of positive Ricci curvature.
1 Introduction
The subject of moduli spaces of Riemannian metrics with lower curvature bounds
has been an active field of study over the last years. The first results on the
moduli spaces of 5-manifolds have been presented in [TWi17]. Recently, the
first examples of 5-manifolds whose moduli spaces have infinitely many path-
components for nonnegative sectional curvature [DGA19] and positive Ricci
curvature [G20] have been identified.
In this note, we continue the study of moduli spaces of metrics of nonnegative
sectional curvature of quotients of Brieskorn varieties in dimension 5 which was
started by Dessai and Gonza´lez-A´lvaro. One of their results is about the moduli
spaces of manifolds homotopy equivalent to RP5 whose universal cover is S5,
while we will consider quotients of S2×S3 under certain involutions. This really
only changes the diffeomorphism classification of or quotients and we may apply
a very similar procedure as presented in [DGA19]. We also want to point out
that our manifolds are also different from the examples presented by Goodman
[G20], since his manifold’s second homotopy group is trivial as a Z[Z2]-module
and our’s are non-trivial as we will discuss below.
The main result we are going to prove is the following.
Main Theorem. Let N5 be an orientable, closed, smooth 5-dimensional man-
ifold whose universal cover is S2 × S3, satisfying π1(N) = Z2, w2(N) 6= 0 and
π2(N) is non-trivial as a Z[Z2]-module. Then the moduli space Msec≥0(N) of
nonnegative sectional curvature has infinitely many path components. The same
is true for the moduli space MRic>0(N) of metrics of positive Ricci curvature.
As we will see, there are five pairwise non-diffeomorphic manifolds satisfying
the conditions of this theorem. These are all represented by what we will call a
Brieskorn quotient. Furthermore, these manifolds are not all pairwise homotopy
1
equivalent. Unless otherwise stated, all manifolds will be oriented if orientable
and all diffeomorphisms will be orientation-preserving.
This note is organized as follows. In section 2, we define Brieskorn man-
ifolds and a cohomogeneity one action on them. From this action, we select
an involution and define Brieskorn quotients. We discuss the diffeomorphism
classification of manifolds satisfying the assumptions of the main theorem and
relate them to the Brieskorn quotients. In section 3, we equip the quotients and
other constructions with Riemannian metrics of nonnegative sectional curvature.
Section 4 then introduces Spinc-structures and eta-invariants. Finally, the cor-
responding moduli space is investigated and the proof of our main theorem is
given in section 5.
2 Brieskorn varieties and manifolds
2.1 Definition
Let z = (z0, z1, z2, z3) ∈ C
4 and consider the polynomial
f : C4 → C : z 7→ zd0 + z
2
1 + z
2
2 + z
2
3 .
For ǫ ∈ C we get the hypersurface V 3ǫ (d) := f
−1(ǫ), which is an algebraic
manifold with no singular points for ǫ 6= 0, but only a variety if ǫ = 0 with an
isolated singular point z = 0 if d ≥ 2. Let S7 := {z ∈ C4| |z0|
2 + ...+ |z3|
2 = 1}
and D8 := {z ∈ C4| |z0|
2+ ...+ |z3|
2 ≤ 1} denote the unit sphere and the closed
disk in C4 = R8 respectively. We may then define the link
Σ5ǫ(d) := V
3
ǫ (d) ∩ S
7
and
W 6ǫ (d) := V
3
ǫ (d) ∩D
8,
both equipped with the natural orientation. The manifolds Σ5ǫ(d) are examples
of Brieskorn varieties (see [HM68] and [M68] for more details).
An important fact is that for ǫ small enough, Σ5ǫ(d) is diffeomorphic to Σ
5
0(d)
(see [HM68, Satz 14.3]). Also, W 6ǫ (d) is homotopy equivalent to a bouquet
S3 ∨ ... ∨ S3 of 3-spheres (see [HM68, p.83]).
If d is odd, then Σ50(d) is diffeomorphic to S
5 (see [HM68, 14.8 (zweiter)
Satz]).
Throughout this note, we will consider the case when d is even. In this case,
it can be shown that Σ50(d) is diffeomorphic to S
2×S3 (see [GT98, Proposition
7]).
2.2 Group action and quotient
Recall that an action of a compact Lie group G on a smooth manifold M is said
to be of cohomogeneity one if the orbit spaceM/G is one-dimensional. Consider
the following group actions.
a : S1 × C4 → C4 : (w, (z0, z1, z2, z3)) 7→ (w
2z0, w
dz1, w
dz2, w
dz3),
b : O(3)× C4 → C4 : (A, (z0, z1, z2, z3)) 7→ (z0, (A(z1, z2, z3)
T )T ).
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Suppose d is even. In case ǫ 6= 0, we get an action of Z2d × O(3) with
ineffective kernel {(±1, Id)}, whereas for ǫ = 0 we get an action of S1 × O(3)
with the same ineffective kernel as before. Both of these actions are orientation-
preserving on Σ5ǫ(d).
The action of S1 × O(3) on Σ50(d) is of cohomogeneity one with orbit space
an interval. This can be seen by noticing that the norm of the zero component
is not affected by this action.
The principal isotropy is Z2 × O(1), corresponding to interior points of the
quotient interval. The singular isotropies are S1 × O(1) and Z2 × O(2), cor-
responding to the vanishing and maximal norm of z0 respectively. The corre-
sponding singular orbits are both of codimension two. For more details on the
above cohomogeneity one action, see [DGA19, §4.2] and [GVWZ06, §1].
Consider τ := (1,−Id) ∈ S1 × O(3), i.e. τ(z) = (z0,−z1,−z2,−z3) for
z = (z0, z1, z2, z3) ∈ C
4. This gives an orientation-preserving involution which
acts freely on Σ5ǫ(d) for ǫ < 1. Since the polynomial f(z) = z
d
0 + z
2
1 + z
2
2 + z
2
3 is
τ -invariant, we get an induced map f˜ : S7/τ → C.
We can now define N5ǫ (d) := Σ
5
ǫ(d)/τ , which we will call a Brieskorn quo-
tient. For d odd, these are homotopy equivalent to RP5. For d even, these
quotients are not all pairwise homotopy equivalent (see [GT98, p.1180 Remark
(2)]). In both cases, N5ǫ (d) is diffeomorphic to N
5
0 (d) for ǫ sufficiently small (see
[DGA19, Proposition 4.1]).
The above action of S1 × O(3) on Σ50(d) descends to a cohomogeneity one
action on N5ǫ (d) which also has codimension two singular orbits.
For 0 < ǫ < 1, the fixed points of the action of τ on W 6ǫ (d) are pi =
(λi, 0, 0, 0) , 1 ≤ i ≤ d, where λi is a complex d-root of ǫ for all i. These fixed
points are isolated and all lie in the interior ofW 6ǫ (d). The subaction Z2d×{Id}
of Z2d ×O(2) on W
6
ǫ (d) permutes these fixed points.
2.3 Diffeomorphism classification
In order to give a diffeomorphism classification of the above quotients, we need
to introduce Pin structures. Define the groups Pin±(n) to be the two distinct
double covers of O(n), corresponding to the central extensions of O(n) by Z2:
1→ Z2 → Pin
±(n)→ O(n)→ 1.
They are topologically the same space but have different group structures. A
Pin±-structure on a smooth manifold M is a reduction of the structure group
O(n) of its tangent bundle to Pin±(n).
A manifoldM admits a Pin+-structure if and only ifw2(M) = 0 and a Pin
−-
structure if and only if w2(M) = w1(M)
2, for w1, w2 the first and second Stiefel-
Whitney class respectively. Furthermore, Pin±-structures are in bijection with
H1(M ;Z2), if any exist (see [KT90]).
If we ask for Pin±-structures on manifolds with boundaries to restrict to
Pin±-structures on the boundary, we get Pin±-bordism groups ΩPin
±
n . Kirby
and Taylor determined ΩPin
+
4
∼= Z16 (see [KT90]), and if we identify an element
with its inverse, we get ΩPin
+
4 /±
∼= Z8.
Recall that a characteristic submanifold of a manifoldMn with π1(M) = Z2
is a submanifold Pn−1 ⊂Mn such that there exists a submanifold A ⊂ M˜ with
3
M˜ = A ∪ T (A), ∂A = ∂T (A) = P˜ and P = P˜ /T . Here P˜ is the universal
covering and T the corresponding deck-transformation.
Su now proved the following classification result (see [S12, Theorem 1.2.]).
Theorem 2.1. Let M5 be an orientable, smooth 5-manifold with π1(M) ∼= Z2
and universal cover M˜ ∼= S2×S3. If π2(M) ∼= Z is non-trivial as a Z[Z2]-module
and w2(M) 6= 0, thenM is diffeomorphic to N
5
0 (d) for some d = 0, 2, 4, 6, 8. The
quotients N50 (d) are classified by the Pin
+-bordism class of their characteristic
submanifold Pd with [Pd] = d ∈ Ω
Pin+
4 /± = {0, 1, ..., 8}.
The module structure on π2(M) comes from the π1(M)-action on it.
Geiges and Thomas showed that for d even, N50 (d) satisfies all of the above
conditions (see [GT98, Proposition 6, 7 and Lemma 11]). In particular, they
show that the induced isomorphism τ∗ : H2(Σ
5
0(d);Z) → H2(Σ
5
0(d);Z) is non-
trivial (see [GT98, Lemma 5]) and therefore it follows by the use of Hurewicz’
map that π2(N
5
0 (d)) is non-trivial as a Z[Z2]-module. Note furthermore that
the Pin±-bordism class does not depend on the choice of a characteristic sub-
manifold (see [GT98, Lemma 9]).
From the Proof of [GT98, Lemma 11] and using the above theorem, one can
also deduce the following.
Lemma 2.2. For d, d′ ∈ N even, N5ǫ (d) and N
5
ǫ (d
′) are diffeomorphic if and
only if d ≡ ±d′ mod 16.
We thus get five different oriented diffeomorphism types for the quotients.
For a fixed d even, and hence a fixed diffeomorphism type, there are infinitely
many d′ ∈ N such that N5ǫ (d) is diffeomorphic to N
5
ǫ (d
′).
3 Metrics of nonnegative sectional curvature
By the work of Grove and Ziller, one can equip cohomogeneity one manifolds
with an invariant metric of nonnegative sectional curvature, provided the sin-
gular orbits are of codimension two (see [GZ00, Theorem E]).
As we have seen above, the quotients N50 (d) admit a cohomogeneity one
action by S1 × O(3) with codimension two singular orbits. Hence, N50 (d) can
be equipped with an invariant metric of sec ≥ 0, which we will denote by gdGZ
and call its Grove-Ziller metric.
In order to get a metric of positive scalar curvature (and sec ≥ 0), we will
apply Cheeger deformation to the Grove-Ziller metric. See [AB15, §6.1] for a
general treatment of Cheeger deformation.
LetG be a compact Lie group acting by isometries on a Riemannian manifold
(M, g) and Q a biinvariant metric on G. The action g1 · (p, g2) = (g1 · p, g1 · g2)
of G on M × G is free and isometric with respect to g + 1
t
Q, where t ∈ R>0.
The quotient (M ×G)/G is diffeomorphic to M . The Cheeger deformation of g
is the metric gt which turns the projection
πt : (M ×G, g +
1
t
Q)→ (M, gt) : (p, u) 7→ u
−1p
into a Riemannian submersion. The Lie group G acts by isometries on (M, gt)
for all t > 0. It can be shown that gt varies smoothly in t and that it extends
smoothly to t = 0 by setting g0 = g.
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Let p ∈ M , Gp the isotropy group and gp the corresponding Lie algebra.
Denote by mp the Q-orthogonal complement of gp in g, the Lie algebra of G.
For X ∈ g and p ∈M , let X∗p =
d
dt
(exp(tX) · p)|t=0. One can then identify the
orthogonal complement with the tangent space of the G-orbit of p,
mp
∼=
−→ Tp(Gp) : X 7→ X
∗.
Consider the automorphism Pp : mp → mp defined by the relationQ(Pp(X), Y ) =
g(X∗p , Y
∗
p ) for all Y ∈ mp.
Cheeger deformations preserve nonnegative sectional curvature and under
certain circumstances, also produce positive scalar curvature. For X,Y ∈ g, let
[X,Y ] denote the Lie bracket of X and Y . Then one gets the following (see
[DGA19, Proposition 5.2]).
Proposition 3.1. Let (M, g) be a Riemannian manifold and G a compact Lie
group acting on it by isometries. If secg ≥ 0, then secgt ≥ 0 for all t ≥ 0. If
in addition there exist X,Y ∈ mp such that [Pp(X), Pp(Y )] 6= 0 for all p ∈ M ,
then scalgt > 0 for all t > 0.
Let us apply this to (N50 (d), g
d
GZ). The action is by S
1×O(3) = SO(2)×O(3)
with principal isotropy group Z2×O(1) and singular isotropy groups S
1×O(1)
and Z2×O(2). Since S
1×O(3) is non-abelian and the Lie algebra of Z2×O(1) is
0-dimensional, there exist non-commuting elements in this case. Now consider
the singular isotropy groups, which are both 1-dimensional. It follows that
the dimension of mp is 3 in both cases. By the classification of maximal tori
of orthogonal groups, we know that G = SO(2) × O(3) has a 2-dimensional
abelian maximal torus. Its Lie algebra g is 4-dimensional and therefore splits
into a 2-dimensional abelian and a 2-dimensional non-abelian part. Pp being an
automorphism, this means that there must be non-commuting elements in its
image. Thus the conditions of Proposition 3.1 are satisfied.
Let t′ > 0 be fixed and gd := (gdGZ)t′ the Cheeger deformation of the Grove-
Ziller metric at time t′. The metric gd will be called the modified Grove-Ziller
metric onN50 (d), which is of sec ≥ 0, scal > 0 (by Proposition 3.1) and invariant
under the action of S1 ×O(3).
We can now extend this metric to
Z˜(d) := f˜−1([0, ǫ0]) =
⋃
0≤ǫ≤ǫ0
N5ǫ (d),
where f˜ : S7/τ → C is the map induced from the polynomial f discussed
in §2.2. This extended metric can further be averaged over O(3), yielding an
O(3)-invariant metric h on Z˜(d).
If we restrict h to N5ǫ0(d), we can lift it to Σ
5
ǫ0
(d) via pull-back and extend it
to a metric on W 6ǫ0(d) in such a way that it is of product form near the bound-
ary. Furthermore, the latter metric can be assumed to be O(3)-invariant and
of positive sectional curvature when restricted to a sufficiently small invariant
neighborhood of each fixed point of the action of τ on W 6ǫ0(d) (see [DGA19]
Corollary 5.5 and discussion thereafter). After averaging, we finally get an
O(3)-invariant metric k on W 6ǫ0(d).
Now, using O(3)-actions, we can produce Cheeger deformations gdt , ht and
kt of the above metrics. These metrics satisfy the following properties (see
[DGA19, §5 and 6]).
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Lemma 3.2. Let gdt , gt and kt be the Cheeger deformations of the metrics g
d,
h and k from above. Then,
• for every t > 0, the metric gdt is of sec ≥ 0 and scal > 0,
• there exists a t0 ≥ 0 such that the restriction of ht to N
5
ǫ (d) has scal > 0
for all t ≥ t0 and 0 ≤ ǫ ≤ ǫ0, and
• kt on W
6
ǫ0
(d) also has scal > 0 and is of product form near the boundary
for all t ≥ t0.
4 Spinc-structures and reduced eta-invariants
The eta-invariant we want to use to distinguish path components in the space
of metrics requires some additional structure on the considered manifolds. In
this section, we give a short introduction on these Spinc-structures (see [LM89,
Appendix D] for more details).
Let Spinc(n) := Spin(n)×Z2U(1), where the action is diagonal by {±(1, 1)}.
Then there is a short exact sequence
1→ Z2 → Spin
c(n)
ξ
−→ SO(n)× U(1)→ 1
where ξ is the map induced by ρ× (−)2 with ρ : Spin(n)→ SO(n) the standard
double-covering. A Spinc-structure on an n-dimensional, oriented Riemannian
manifold (X, g) consists of a principal Spinc(n)-bundle PSpinc(n) over X , a
principal U(1)-bundle PU(1) over X and a bundle map ξ : PSpinc(n) → PSO(n)×
PU(1) such that ξ(pg) = ξ(p)ρ(g) for all p ∈ PSpinc(n) and g ∈ Spin
c(n). Here
PSO(n) denotes the principal bundle of oriented orthonormal frames on X . If X
is equipped with a Spinc-structure, it is called a Spinc-manifold.
A Riemannian manifold X can be equipped with a Spinc-structure if and
only if there exists an element ω ∈ H2(X ;Z) such that w2(X) ≡ ω mod 2. The
Spinc-structures onX , if any exist, are parametrized by 2H2(X ;Z)⊕H1(X ;Z2).
If X is a complex manifold, it carries a canonical Spinc-structure. In this case,
the principal U(1)-bundle corresponds to the determinant line bundle of the
complex tangent bundle of X .
If X is a Spinc-manifold, one can construct a complex spinor bundle S(X)
over it. The Levi-Civita connection on X together with a connection ∇cX on
PU(1) determine a connection on S(X), which turns S(X) into a Dirac bundle.
There is an associated Spinc-Dirac operator DcX : Γ(S(X))→ Γ(S(X)), where
Γ(S(X)) is the set of sections on S(X). Given a Hermitian complex vector
bundle E overX , one also gets a twisted Spinc-Dirac operatorDcX,E : Γ(S(X)⊗
E)→ Γ(S(X)⊗ E).
4.1 The Atiyah-Patodi-Singer index theorem
Eta-invariants were introduced in the context of the Atiyah-Patodi-Singer (APS)
index theorems, where they appear as metric dependent boundary correction
terms (see [APSI75] and [APSII75]).
Let (W 2n, gW ) be a compact Spin
c-manifold with boundary ∂W =M such
that the metric gW is of product form near the boundary and gM is the induced
6
metric on M . Fix a connection ∇cW on the principal U(1)-bundle PU(1) → W
corresponding to the Spinc-structure, which is constant in normal direction near
the boundary and with curvature form Ωc. As W is of even dimension, there is
a direct sum splitting S(W ) = S+(W ) ⊕ S−(W ). If we subject the restricted
Spinc-Dirac operator to APS-boundary conditions, we obtain an operatorDc,+W :
Γ(S+(W )) → Γ(S−(W )) and an adjoint operator (Dc,+W )
∗, both of which have
finite dimensional kernel (see [LM89, Appendix D]).
Then the index ind(Dc,+W ) := dim(ker(D
c,+
W )) − dim(ker((D
c,+
W )
∗)) ∈ Z is
well-defined, and by the APS index theorem ([APSI75, Theorem 4.2]), it is
given by
ind(Dc,+W ) =
∫
W
e
1
2
cAˆ(W, gW )−
1
2
(
h(M, gM ) + η(M, gM )
)
.
Here Aˆ(W, gW ) is the Aˆ-series in Pontryagin forms, c :=
1
2πΩ
c denotes the first
Chern form in terms of the curvature form Ωc of∇c, h(M, gM ) := dim(ker(D
c
M ))
and η(M, gM ) is the eta-invariant of D
c
M . To introduce it, we need to consider
η(z) :=
∑
λ
sign(λ)
|λ|z
, z ∈ C, Re(z)≫ 0,
where the sum is running over all non-zero eigenvalues λ of DcM . This function
extends in a unique way to a meromorphic function (also denoted by η) which is
holomorphic at z = 0 (see [APSI75, §2]) and we may define η(M, gM ) := η(0).
The twisted case is completely analogous. Let E be a Hermitian complex
vector bundle overW and ∇E a Hermitian connection on it, which is constant in
normal direction near the boundary. The twisted APS index formula ([APSI75,
(4.3)]) is then given by
ind(Dc,+W,E) =
∫
W
ch(E,∇E)e
1
2
cAˆ(W, gW )−
1
2
(
hE(M, gM ) + ηE(M, gM )
)
.
Here hE(M, gM ) := dim(ker(D
c
M,E)) is the kernel, ch(E,∇
E) := tr(exp(
iΩcE
2π ))
is the Chern character in terms of the curvature form ΩcE of ∇
E and ηE(M, gM )
is defined as above with DcM,E.
We have the following well known vanishing theorem (see [LM89] and [APSII75]).
Theorem 4.1. Let (W 2n, gW ), (M, gM ) and E be as above, with Ω
c
W and Ω
c
M
the curvature forms corresponding to the principal U(1)-bundle of the Spinc-
structure respectively. Suppose E is flat. Then if scalgM > 0 and Ω
c
M = 0, we
have h(M, gM ) = 0 and hE(M, gM ) = 0. If scalgW > 0 and Ω
c
W = 0, then
ind(Dc,+W ) = 0 and ind(D
c,+
W,E) = 0.
Now suppose M is connected. Let α : π1(M) → U(k) be a unitary repre-
sentation, so that it determines a flat vector bundle Eα := M˜ ×π1(M) C
k over
M , where M˜ is the universal cover ofM (see [K87] (1.2.4)). We can then define
the reduced eta-invariant
η˜Eα(M, gM ) := ηEα(M, gM )− k · η(M, gM ).
This invariant will allow us to tell path components apart in the space of
Riemannian metrics of positive scalar curvature. Indeed, if Rscal>0(M) denotes
the set of Riemannian metrics on M with positive scalar curvature, we have the
following result (see [APSII75, p. 417], [DGA19, Proposition 3.3]).
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Proposition 4.2. Let M2n−1 be a closed connected Spinc-manifold, ∇cM a flat
connection on PU(1) → M and α : π1(M) → U(k) a unitary representation.
Let g0, g1 ∈ Rscal>0(M) be in the same path component. Then η˜α(M, g0) =
η˜α(M, g1).
The reduced eta-invariant is in general difficult to compute. In an equivariant
setting however, there are explicit formulas which allow us to determine them.
Let (M, gM ) be a closed Riemannian manifold and suppose a compact Lie group
G acts by isometries on it. Then one can define G-equivariant Spinc-structures
by requiring all of the corresponding bundles to be G-equivariant. If furthermore
the unitary connection on the associated principal U(1)-bundle is G-equivariant,
then one gets a G-equivariant spinor bundle SG(M) and a corresponding G-
equivariant Spinc-Dirac operator Dc,GM . Fix g ∈ G and let λ be an eigenvalue
of Dc,GM . The action of g on the Eigenspace Eλ will be denoted by g
#
λ . One can
then consider
ηg(z) :=
∑
06=λ∈Eλ
sign(λ) · tr(g#λ )
|λ|z
which converges absolutely for Re(z) ≫ 0 and define η(M, gM )g := ηg(0), the
equivariant eta-invariant at g (after meromorphic extension, see [D78]).
Suppose now thatM is connected and that G = π1(M) is finite. The metric
gM lifts to a metric g˜M˜ on the universal cover M˜ , as does the Spin
c-structre
on M . Recall that α is a unitary representation and Eα the corresponding flat
vector bundle, defined above. In this situation, we get the following formula
(see [D78, Theorem 3.4.]).
ηEα(M, gM ) =
1
|G|
∑
g∈G
η(M˜, g˜M˜ )g · χα(g),
where χα : G→ C : g 7→ tr(α(g)) is the character of α and |G| the order of G.
4.2 Donnelly’s Fixed Point Formula
Let (W 2n, gW ) and (M
2n−1, gM ) be as in the previous paragraph and sup-
pose a compact Lie group G acts on W by isometries and preserves the Spinc-
structure. Assume also that gW is of product form near the boundary ∂W =M .
Let Dc,+W be the G-equivariant Spin
c-Dirac operator on (W, gW ) subject to the
APS-boundary condition and DM the G-equivariant Spin
c-Dirac operator on
(M, gM ) (with corresponding adjoint operators (D
c,+
W )
∗ and D∗M ). In this case,
the kernels of these operators are G-representations and the equivariant index
indG(D
c,+
W ) := ker(D
c,+
W ) − ker((D
c,+
W )
∗) is a virtual complex G-representation
in the ring of representations R(G). For g ∈ G, let hg be the character of the
G-representation ker(DM ) at g and η(M, gM )g the equivariant eta-invariant of
DM at g. Then we have the following fixed point formula (see [D78, Theorem
1.2.]).
indG(D
c,+
W )g +
1
2
(
hg + η(M, gM )g
)
=
∑
N⊂Wg
aN ,
where N denotes a connected component of the fixed point set W g and aN is
a so-called local contribution at N . In our specific case, this local contribution
can be computed explicitely (see [DGA19, Proposition 3.5]).
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Proposition 4.3. Let (W 2n, gW ) and (M
2n−1, gM ) be as above, and suppose
τ ∈ G induces an involution on W with isolated fixed points which lie in the
interior of W . Then the local contribution at any fixed point p is given by
a{p} = 2
−n.
We can now compute the reduced eta-invariant in the case of the Brieskorn
quotients. Let d ∈ N be even and ǫ 6= 0.
Let W 6ǫ (d) be equipped with a G-invariant metric gW , where G is a closed
subgroup of Z2d × O(3) containing the involution τ defined above. Fix a Her-
mitian metric on its tangent bundle which is G-invariant. Consider the G-
equivariant Spinc-structure induced by its complex manifold structure and the
Hermitian metric. The induced G-equivariant Spinc-structure on the boundary
Σ5ǫ(d) = ∂W
6
ǫ (d) descends to a Spin
c-structure on N5ǫ (d) = Σ
5
ǫ(d)/τ , which we
will call its preferred Spinc-structure.
Now fix a flat connection on the principal U(1)-bundles over W 6ǫ (d), Σ
5
ǫ(d)
and N5ǫ (d) corresponding to the Spin
c-structure (which we can do since the
second cohomology groups with real coefficients are trivial and therefore the
first Chern classes of the bundles vanish). If τ acts as −Id on C, then Eα :=
Σ5ǫ(d)×<τ> C is a non-trivial flat complex line bundle.
Proposition 4.4. Let 0 < ǫ0 < 1 and gN be a metric of scal > 0 on N
5
ǫ (d).
Suppose that the lift gΣ of gN to Σ
5
ǫ(d) extends to a metric gW on W
6
ǫ (d) which
is τ-invariant, of product form near the boundary and of scal > 0. Then
η˜Eα(N
5
ǫ (d), gN ) = −
d
4
.
Proof. Using the formulas from the previous section, we get forG = Z2 = {1, τ}:
ηEα(N
5
ǫ (d), gN ) =
1
2
(
η(Σ5ǫ (d), gΣ)1 · χα(1) + η(Σ
5
ǫ (d), gΣ)τ · χα(τ)
)
=
1
2
(
η(Σ5ǫ (d), gΣ)− η(Σ
5
ǫ(d), gΣ)τ
)
and using the trivial representation (whose character is always 1)
η(N5ǫ (d), gN ) =
1
2
(
η(Σ5ǫ (d), gΣ) + η(Σ
5
ǫ (d), gΣ)τ
)
.
Hence we get
η˜Eα(N
5
ǫ (d), gN ) = ηEα(N
5
ǫ (d), gN )− 1 · η(N
5
ǫ (d), gN ) = −η(Σ
5
ǫ(d), gΣ)τ
Now since the metrics on Σ5ǫ(d) andW
6
ǫ (d) both are τ -invariant and of scal > 0,
applying Theorem 4.1, we see that the equivariant index and kernel vanish.
Using the fixed point formula from above we get η(Σ5ǫ (d))τ = 2
∑d
i=1 a{pi},
where the pi are the isolated fixed points of the action of τ on W
6
ǫ (d). Finally,
using Proposition 4.3 to compute a{pi} = 2
−n with n = 3, we get the desired
result.
9
5 Moduli space of Riemannian metrics
For a general treatment on moduli spaces, see [TW15].
Let M be a closed smooth manifold and R(M) the set of Riemannian met-
rics on M , equipped with the C∞-topology of uniform convergence of all the
derivatives. By taking pull-backs of metrics, we get an action of the group of dif-
feomorphisms Diff(M) onR(M). The quotient spaceM(M) := R(M)/Diff(M)
is called the moduli space ofM . If we restrict to metrics of nonnegative sectional
curvature or positive Ricci curvature, we obtain Rsec≥0(M) and RRic>0(M) re-
spectively. Restricting on isometry classes of metrics of nonnegative sectional
curvature or positive Ricci curvature, we obtain corresponding moduli spaces
Msec≥0(M) and MRic>0(M).
For technical reasons, we will actually need to work in the quotient space
Rsec≥0(M)/D, where D ⊂ Diff(M) is the subgroup of diffeomorphisms which
preserve the Spinc-structure on M .
First we need to determine the reduced eta-invariant of (N50 (d), g
d), where
gd is the modified Grove-Ziller metric from §3. Since H2(N50 (d);Z)
∼= Z2, there
exists a unique flat non-trivial complex line bundle over N50 (d) which we will
denote by α. Fix 0 < ǫ0 < 1.
Lemma 5.1. Let (N50 (d), g
d) be equipped with the preferred Spinc-structure and
a flat connection on the associated principal U(1)-bundle. Then
η˜α(N
5
0 (d), g
d) = −
d
4
.
Proof. Let
Z˜(d) =
⋃
0≤ǫ≤ǫ0
N5ǫ (d)
be equipped with the extended metric h as in §3. Let gdt and ht denote the
Cheeger deformations of gd and h respectively and t0 the parameter from
Lemma 3.2. We construct a path in Rscal>0(N
5
ǫ0
(d)), connecting (N50 (d), g
d) to
(N5ǫ0(d), ht0 |N5ǫ0 (d)
), for which we can actually compute the reduced eta-invariant
as in Proposition 4.4. Let φǫ : N
5
ǫ0
(d) → N5ǫ (d) be a smooth family of diffeo-
morphisms for 0 < ǫ < ǫ0.
Using Lemma 3.2, we can now define two paths of metrics of positive scalar
curvature on N5ǫ0(d) in the following way.
γ˜1 : [0, t0]→Rscal>0(N
5
ǫ0
(d))
t 7→ φ∗0(g
d
t )
and
γ˜2 : [0, ǫ0]→Rscal>0(N
5
ǫ0
(d))
ǫ 7→ φ∗ǫ (ht0 |N5ǫ (d))
Since γ˜1(t0) = φ
∗
0(g
d
t0
) = φ∗0(ht0 |N50 (d))) = γ˜2(0), we can concatenate these two
paths to get a path γ˜ in Rscal>0(N
5
ǫ0
(d)) with endpoints φ∗0(g
d) and h˜t0 |N5ǫ0 (d)
.
By Lemma 3.2 and the discussion above it, ht0 |N5ǫ0(d)
lifts to a metric on Σ5ǫ0(d)
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which extends to a metric on W 6ǫ0 satisfying the conditions of Proposition 4.4.
By Propostion 4.2 and using the fact that the reduced eta-invariant is preserved
under pull-backs by diffeomorphisms, we finally get:
η˜α(N
5
0 (d), g
d) = η˜α(N
5
ǫ0
(d), φ∗0(g
d)) = η˜α(N
5
ǫ0
(d), ht0 |N5ǫ0 (d)
) = −
d
4
.
We can now prove our main theorem.
Fix d ∈ {0, 2, 4, 6, 8}, d0 6= d1 ∈ N such that di ≡ ±d mod 16. Therefore, by
Theorem 2.1 and Lemma 2.2, there exist diffeomorphisms ψi : N
5
0 (d)→ N
5
0 (di)
for i = 0, 1. Denote by hi = ψ
∗
i (g
di) the pull-back metric for i = 0, 1. Let
D ⊂ Diff(N50 (d)) denote the subgroup of diffeomorphisms preserving the Spin
c-
structure on N50 (d).
Since D has finite index in Diff(N50 (d)), if Rsec≥0(N
5
0 (d))/D has infinitely
many path components, it will follow that Msec≥0(N
5
0 (d)) has infinitely many
path components as well.
Assume now that there is a path γ : [0, 1] → Rsec≥0(N
5
0 (d))/D connecting
[h0] and [h1]. As a consequence of Ebin’s slice theorem, this path can be lifted
to a path γ˜ in Rsec≥0(N
5
0 (d)) such that γ˜(0) = h0 and γ˜(0) = φ
∗(h1) for some
φ ∈ D (see [E70] and [CK19, Proposition 4.6]). By Bo¨hm and Wilking, the
path γ˜ evolves instantly to a path in RRic>0(N
5
0 (d)) under the Ricci flow (see
[BW07, Theorem A]). If we concatenate this resulting path with the orbits of the
endpoints of γ˜, we obtain a path γ′ in Rscal>0(N
5
0 (d)) with endpoints γ
′(0) = h0
and γ′(1) = φ∗(h1) as well.
Using Lemma 5.1, we can now compute the reduced eta-invariants of the
endpoints of γ′. We immediately see that η˜α(N
5
0 (d0), h0) = −
d0
4 6= −
d1
4 =
η˜α(N
5
0 (d1), φ
∗(h1)). Hence h0 and φ
∗(h1) lie in different path components in
Rscal>0(N
5
0 (d)), which contradicts the construction we have obtained from our
initial assumption.
By Theorem 2.1, Lemma 2.2 and the above remark on the link between
path components of Rsec≥0(N
5
0 (d))/D and Msec≥0(N
5
0 (d)), it follows that the
moduli spaceMsec≥0(N
5
0 (d)) has infinitely many path components. If we focus
on the evolved path under the Ricci flow, we see that the same argument ap-
plies to RRic>0(N
5
0 (d))/D and hence MRic>0(N
5
0 (d)) has infinitely many path
components as well. 
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